We present continuum and lattice calculations for elastic scattering between a fermion and a bound dimer in the shallow binding limit. For the continuum calculation we use the SkorniakovTer-Martirosian (STM) integral equation to determine the scattering length and effective range parameter to high precision. For the lattice calculation we use the finite-volume method of Lüscher. We take into account topological finite-volume corrections to the dimer binding energy which depend on the momentum of the dimer. After subtracting these effects, we find from the lattice calculation κa f d = 1.174(9) and κr f d = −0.029(13). These results agree well with the continuum values κa f d = 1.17907(1) and κr f d = −0.0383(3) obtained from the STM equation. We discuss applications to cold atomic Fermi gases, deuteron-neutron scattering in the spin-quartet channel, and lattice calculations of scattering for nuclei and hadronic molecules at finite volume.
I. INTRODUCTION
In this paper, we perform the first benchmark of finite-volume lattice methods for the low-energy scattering of composite objects. Our results will have immediate applications to lattice studies of elastic neutron-nucleus scattering. In the analysis presented here we consider scattering between a fermion and a bound dimer composed of two fermions. In order to test the precision of our lattice calculations, we also repeat the same calculations using the Skorniakov-Ter-Martirosian (STM) integral equation [1] . Along the way we also provide the most accurate calculation to date for the fermion-dimer effective range parameter. Some of the results presented were summarized in a letter publication [2] , and we present the full details of the calculations here.
We consider two component fermions. We will refer to the two fermion components as spin up and spin down and consider the case when the masses are equal, m ↑ = m ↓ . We assume finite-range attractive interactions and consider the universal shallow binding limit. If R is the range of the interactions and κ is the binding momentum of the dimer, then the shallow binding limit corresponds to κR → 0.
We note that much of the literature on universal three-body systems has focused on the Efimov effect [3] for three bosons, three-component fermions, unequal mass fermions, or mixed Bose-Fermi systems [4] [5] [6] [7] [8] . For equal mass two-component fermions, however, there are no short-distance three-body instabilities such as the Thomas collapse [9] . Hence there are no relevant momentum scales other than the dimer binding momentum κ, and all low-energy scattering parameters can be expressed as dimensionless constants times the corresponding power of κ. In the shallow binding limit κ is the same as the reciprocal of the fermion-fermion scattering length.
There have been numerous calculations of the fermion-dimer scattering length. The first goes back to the early work of Skorniakov and Ter-Martirosian who found κa f d ≈ 1.2 [1] . An overview of the Skorniakov-Ter-Martirosian (STM) integral equation method will be presented in our discussion below. The same value κa f d ≈ 1.2 has been confirmed several times using integral equations [10, 11] . A value of κa f d ≈ 1.11 was obtained using an epsilon expansion in dimensions [12] . A recent correlated Gaussian expansion calculation obtained κa f d ≈ 1.18(1) [13] . This agrees with integral equation studies which found κa f d ≈ 1.18 [14, 15] and κa f d ≈ 1.1790662349 [16] .
The fermion-dimer results at shallow binding should approximately describe neutrondeuteron scattering in the spin-quartet channel. Experimental measurements find a quartet scattering length 4 a nd = 6.35(2) fm [17] . This corresponds with κ 4 a nd = 1.47(1). The agreement is better when expressed as fraction of the spin-triplet proton-neutron scattering length, 4 a nd / 3 a np = 1.17 (1) . The 30% difference between the two values gives an indication of higher order effective range effects. A more detailed calculation including interaction range effects obtains 4 a nd = 6.33(10) fm [18, 19] , in full agreement with experimental values. In contrast with the scattering length, there is only one previously reported determination of the fermion-dimer effective range parameter. The correlated Gaussian expansion calculation in Ref. [13] found κr f d ≈ 0.08 (1) . Neutron-deuteron scattering data also favors a small value for κr f d . However the sign of κr f d has remained an open question. In our continuum calculations presented here, we use the STM equation to calculate the scattering length and effective range parameter. We find the values κa f d = 1.17907(1) and κr f d = −0.0383(3).
Our main focus though is to benchmark lattice calculations of the fermion-dimer scattering length and effective range parameter. For the lattice calculation we apply the finite-volume phase-shift analysis of Lüscher. We show that finite-volume topological corrections to the dimer binding energy must be considered in order to obtain accurate results. Once these topological corrections are included in the finite-volume analysis, we find that the lattice and continuum calculations are in full agreement. We use two different lattice Hamiltonian formulations, that agree in the continuum limit. As a final result we find: (9) , κr f d = −0.029 (13) .
(1)
II. NOTATION AND FORMALISM
Few-body systems of two-component fermions with short-range interactions and large scattering lengths in comparison to interparticle distances show universal properties. Physics in such systems does not depend on the structure of the interactions at short distances. The problem of three two-component fermions at low energies can be described by a local quantum field theory whose only interaction term is a two-body contact interaction. In the following, we will always consider equal mass fermions with mass m ↑ = m ↓ = m. The extension to unequal masses is straightforward. The free non-relativistic effective Hamiltonian in momentum space can be written as
where a i and a † i are annihilation and creation operators. In position space these operators can be expressed as
Combining Eqs. (2) and (3) the free Hamiltonian in configuration space is then given by
Now we introduce an interaction between the fermions via the potential
where : . . . : denotes normal ordering. At low energies, the potential (5) can be replaced by a delta-function interaction
and the the lowest order effective Hamiltonian for two-component fermions is
C 0 denotes the two-body coupling constant and is directly related to the fermion-fermion scattering length. It is assumed to be negative so that the interaction is attractive. The exact value of C 0 depends on the scheme used to regulate the short distance behavior.
In the next step we consider the two-body and three-body systems of two-component fermions in Hamiltonian lattice formalism and use the Lanczos method [20] to find the lowest eigenvalues. Further details of the Hamiltonian lattice formulation can be found in [21] [22] [23] . Let n denote spatial lattice points on a three-dimensional L × L × L periodic cube. We use lattice units where physical quantities are multiplied by powers of the spatial lattice spacing a latt to make the combination dimensionless. The two-component fermions are labelled as spin-up and spin-down, the lattice annihilation operators are written as a ↑ ( n) and a ↓ ( n). The free non-relativistic Hamiltonian of two-component fermions with only short-range interaction corresponding to the Hamiltonian (4) on the three dimensional lattice is
whereμ is the spatial lattice unit vector. We define the spin-density operators
and consider two different kinds of Hamiltonians. In the first Hamiltonian we have only a single-site interaction. This Hamiltonian is
We consider a second Hamiltonian using a contact interaction as well as nearest-neighbour interaction terms in order to eliminate the two-body effective range parameter,
The finite lattice spacing error in these two Hamiltonians is of order a 2 latt . The next step is to determine the interaction coefficients, C 1 , C 2 and C ′ 2 using Lüscher's formula [24] [25] [26] . At present Lüscher's formula is a standard tool in lattice quantum chromodynamics and in lattice effective field theory. It relates the two-body energy levels in a finite volume to the S-wave phase shift.
where S(η) is the three-dimensional zeta-function, L is the length of the box and p is the center-of-mass momentum. The zeta-function in three dimensions is defined as
For |η| < 1 we can expand S(η) in powers of η,
where
The first few coefficients are
Lüscher's formula does not include the contribution from higher partial waves but at asymptotically small momenta we can neglect such corrections. For small momenta we have the effective range expansion,
where a s is the scattering length and r 0 is the effective range. Thus the effective range parameters can be extracted from the finite volume energy levels using Eq. (13) . In terms of η, the energy of the dimer is
The interaction coefficient C 1 is tuned to construct two-body binding states (dimers) comprised of one spin-up and one spin-down fermion of energies −1.5 MeV, −2.0 MeV, −2.5 MeV, −3.0 MeV, −3.5 MeV and −4.0 MeV in the large volume (L = 80) using the Lanczos method. In such a large volume the finite volume corrections to the dimer binding energy are negligible. In our calculation we take m = 939 MeV and a −1 latt = 100 MeV. To find the interaction coefficients of lattice Hamiltonian H 2 we proceed as follows. Setting the effective range to zero requires that the following relation should be satisfied near threshold
The interaction coefficients C 2 and C ′ 2 are tuned in order to give the binding energies listed above for the ground state in a large volume (L = 80) and to fullfil Eq. (20) for the first excited state. The plot for p cot δ 0 (p) versus p 2 for the first excited state is shown in Fig. 1 . The different values of p are generated by calculating for different box sizes. We note that p cot δ 0 (p) has zero slope near threshold since we set the effective range to zero. Both Hamiltonians reproduce the same continuum limit of fermions with attractive zero-range interactions. The corresponding values for the interaction coefficients are summarized in Table I . We use the interaction coefficients in Table I and diagonalize both Hamiltonians (11) and (12) utilizing the Lanczos method to determine the ground state energy at rest for the six considered dimers in the periodic volumes L 3 ranging from L = 6 to L = 17. We also use the same interaction coefficients and diagonalization method to find the ground state energy of the fermion-dimer systems. These energies are summarized in the tables in Appendix A. Now we turn our attention to the fermion-dimer scattering in a periodic cube. It is known that there are exponentially small corrections to the scattering energy of the fermion-dimer system at finite volume due to range effects. We can remove this error by extrapolation to infinite volume. However there is another error which is independent of the fermion-dimer scattering process, namely the finite volume error in the dimer binding energy. One might think that this error can be removed by substracting the dimer binding energy from the total energy of the fermion-dimer scattering system. But this is not quite correct since we calculate the scattering process in the center-of-mass frame and therefore the dimer has some recoil momentum. The corrections to the dimer binding energy in the moving frame differ from its rest frame due to the topological phases for the moving dimer in the finite volume [2, 27] .
III. BOUND STATE IN A MOVING FRAME
Lüscher derived the finite-volume corrections to the binding energy of two-body bound states for interactions with finite range [24] . The shift in the energy of a bound state in a periodic cube at rest is given by
where φ ∞ is the infinite-volume wavefunction as a function of the relative separation r and V ( r) is the interaction potential. Using a Galilean transformation we can find the wavefunction of the bound state in a periodic cube of length L moving with momentum 2π k/L for integer k. This wavefunction in a periodic cube has a phase dependence which can be factorized out,
where α = m ↑ /(m ↑ + m ↓ ) for the general case of unequal masses and n is an integer. Each phase twist at the boundaries induces a shift in the binding energy of the dimer. Using Eqs. (21) and (22) for the S-wave bound state, the finite volume correction in a moving frame is
and ∆E k (L) and ∆E 0 (L) represent finite volume correction to the binding energy of the dimer in the moving and rest frame, respectively. These corrections have a universal dependence on momentum determined by the number and mass of the constituents. In asymptotically large volumes the corrections are exponentially small and can be neglected. But if the volume is relatively small, this shift can be comparable to that of the scattering process of the fermion and dimer.
In order to calculate finite-volume corrections due to the binding energy of the dimer in the total scattering energy of the fermion-dimer system, let E f d (p, L) be the total scattering energy with radial momentum p and E d k (L) the finite volume energy due to binding for the dimer with momentum 2π k/L in a periodic cube of length L. In the asymptotic limit L → ∞, with p scaling as 1/L, we can neglect the mixing with higher-order singular solutions to the Helmholtz equation. For S-wave scattering of a dimer and a fermion with radial momentum p and separation r between the center of mass of the dimer and the fermion, the position-space scattering wavefunction is 
The finite-volume correction due to the binding energy of the dimer in the scattering process is
where the topological volume factor for m ↑ = m ↓ = m is given by
We find τ d (η) iteratively. We determine p 2 and η by subtracting the ground state energy of the dimer in the rest frame from the total energy. Using this η and Eq. (28) we find τ d (η) and use it to modify the binding energy of the dimer. We repeat this process until η does not change anymore. For very large box length (L = 2000) we achieve a fixed point after three iterations. The ratio of the finite volume corrections in the moving and rest frame are collected in Table II . We note that this ratio is significantly smaller than one at small volumes. For large volumes this ratio can be neglected. The binding energies of the dimers in the boosted frame are summarized in Appendix A. We emphasize that the finite-volume correction in Eq. (27) has nothing to do with the interaction between dimer and fermion and should therefore be subtracted from the total energy before using Lüscher's scattering relation. This subtraction reduces systematic errors in lattice calculations. We note that in the total scattering energy there are also corrections corresponding to the scattering process which we will remove by extrapolation to the infinite volume and to the continuum limit. Circle and star represent the ground state energies of the dimers in the rest-and boosted-frame respectively and diamond stands for ground state energies of the fermion-dimer system.
IV. FERMION-DIMER SCATTERING

A. Lattice Calculation
In order to find the radial momentum, p, in the fermion-dimer systems, we subtract the binding energies of the dimers in the moving frame from the total scattering energies of the fermion-dimer systems. The ground state energies of the six considered dimers in the rest and moving frame and the ground state energies of the fermion-dimer system for both lattice Hamiltonians, H 1 and H 2 , are shown in Figs. 2 and 3. As discussed above, the difference between the ground state energies of the dimers in the rest and moving frame is bigger in small volumes. In this case it is comparable to the corrections due to the scattering process.
The difference ∆E(L) is the kinetic energy of the fermion-dimer system. We use this to find the radial momentum p. In a naive calculation, we take τ d (η) equal to one and thus implicitly assume the corrections to the binding energy of the dimer the in rest and moving frame are equal. We subtract the binding energy of the dimer in the rest frame from the total energy of the fermion-dimer system in order to find ∆E(L) and eliminate the correction due to the dimer binding energy in finite volume,
In the full calculation, we subtract the binding energy of the dimer in the boosted frame in order to determine ∆E(L) and eliminate the finite volume correction corresponding to the binding energy of the dimer,
After subtracting the corrections corresponding to the binding energy of the dimer from the total energy we use the Lüscher's formula with this energy and calculate p cot δ 0 (p) for six different lattice spacings. We also calculate p cot δ 0 (p) for the case in which we subtracted only the binding energy of the dimer at rest frame from the total energy. This simply means we replace τ d (η) by 1. In Fig. 4 , the results are plotted versus p 2 . To extrapolate to the infinite volume we fit a polynomial of second order to the data points. We write this results as dimensionless combinations multiplied by powers of the dimer binding momentum κ. By comparing the naive calculation plots in Fig. 4 (a) and (c) with the full calculation plots (b) and (d), we clearly see the effect of the topological phase factor. This correction is quite large for scattering in smaller volumes. The change in slope in plot (d) compared to plot (b) is expected since we tuned the effective range of interaction to zero for H 2 . From these results, we determine the low-energy parameters for fermion-dimer scattering and extrapolate to the continuum limit. 
B. STM Equation
The STM equation for the S-wave fermion-dimer scattering amplitude T f d (k, p; E) can be written as [18, 19] 
where k and p are the incoming and outgoing momenta of the fermion and dimer in the center-of-mass frame, κ is the binding momentum of the dimer, and
is the total energy. The inhomogeneous term is given by the S-wave projected one-fermion exchange. The fermion-dimer scattering phase shifts are obtained by evaluating Eq. (31) at the on-shell point:
By discretizing the momenta p and k the STM equation ( 
V. COMPARARISON OF RESULTS AND DISCUSSION
From the lattice calculation of the phase shifts in Fig. 4 we can extract the effective range parameters. Our results for the scattering length, a f d , and the effective range parameter, r f d , are shown in Fig. 5 . We analyze only the plots in Fig. 4 (b) and (d) which contain the full calculations corresponding to H 1 and H 2 , respectively. By fitting a polynomial of second order to each set of data we find a scattering length and a effective range in infinite volume for both lattice Hamiltonians. These data points are plotted in Fig 5. In order to extrapolate to the continuum limit a latt → 0, we use a linear function. The results for the low-energy parameters that we get for these two independent representations of the lattice Hamiltonians are
To extrapolate to the continuum limit in the lattice Hamiltonian calculations we used only the data points corresponding to the four smallest lattice spacings. For the other data points, the Compton wavelength of the bound state is comparable to the lattice spacing. We estimate the systematic errors in the continuum extrapolation of the fermion-dimer scattering length and effective range by extrapolation to the continuum limit using only the first two data points and taking the interval between these extrapolation values and the central values obtained using all four data points as the systematic errors. The agreement between these two independent calculations is consistent with our estimate of the systematic errors. As we see from Fig. 5 the inclusion of the topological volume factor τ d (η) improves the accuracy, especially in the calculation of the effective range parameter. With a very conservative estimation of the systematic error we are able to say that the value of the the fermion-dimer scattering length in units of the dimer binding momentum is in between 1.149 and 1.188. The value of fermion-dimer effective range in units of the dimer binding momentum is between zero and −0.057. Our final result is given by the weighted averages of the values in Eq. (35) and (36):
In calculating the average, we assumed that the statistical probability distribution of the measured variables are Gaussian and independent of each other. Using standard error propagation, we find the uncertainty in the average values. Our results (37) are in excellent agreement with the continuum calculation using the STM integral equation (31):
VI. OUTLOOK
We have presented benchmark calculations for fermion-dimer scattering using a Hamiltonian lattice formalism and in the continuum using the STM integral equation. We obtain excellent agreement between both approaches. The finite-volume lattice methods presented here can be applied to ab initio calculations for elastic scattering of nuclei, cold atoms, and hadronic molecules. Of particular interest in nuclear physics are calculations of the lowenergy scattering of neutrons upon nuclei. Soft neutron scattering upon nuclei is relevant to the design of container materials used in ultracold neutron experiments. They are also an important probe of the properties of nuclei surrounded by a dilute superfluid neutron gas. It is widely believed that this physical situation with nuclei in a neutron gas is realized in the inner crust of neutron stars.
Calculations of deuteron-neutron scattering in the spin-quartet channel should yield similar results to the idealized zero-range limit presented here. There will, however, be small corrections due to the range of the interactions as well as spin-dependent forces. Our methods can also be applied to neutron-deuteron scattering in the spin-doublet channel. Here there is an interesting connection with Efimov trimer physics in a finite volume [28] [29] [30] . As a first step in this direction, boson-dimer scattering for three identical bosons in the zero-range limit is currently being investigated [31] .
There are also some very useful applications of the topological volume factor for binding energy calculations. By choosing different values of the center of mass motion, one can make the sum over topological volume factors vanish. This can be used to remove the leading and even subleading finite-volume corrections to the binding energy of two-body bound states. This technique is being pursued in a number of recent lattice QCD studies for the deuteron and other dibaryonic systems [27, 32] . 
